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of the lattice for fixed effective electron mass (straight lines in Fig. 7.5).
These levels follow the usual law:
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with the cyclotron frequency ω (B) = eB/m∗ determined by the effective
mass of the square lattice band extrema m∗ = �2(d2E/dk2)−1 = �2/2a2γ0.

Figure 7.6.: The Hewlett-Packard
8920A table-top calculator (nick-
named “Rumpelstilzchen”) used by D.
Hofstadter for the numerical solution
of Harper’s equation revealing the
fractal spectrum of lattice electrons in
a magnetic field. (See Fig. 7.5, im-
ages taken from Ref. [88])

7.3. Butterfly and anomalous Landau levels of
graphene

Subsequently to the work of Hofstadter on the square lattice, various
alternative topologies have been studied. The first, obvious choice was
the hexagonal lattice, which has no electron-hole symmetry, leading to
an asymmetric butterfly [55, 102]. The honeycomb lattice was studied
soon after [220], though without reference to the yet-unknown anomalous
quantum Hall effect of graphene. Finally, special Lieb and Kagome lattice
structures were also studied, featuring graphene-like massless bands in a
square symmetry [22, 130], leading to similar anomalous Landau levels.

The Hofstadter butterfly of a honeycomb lattice is displayed in Fig. 7.7.
At the top and the bottom of the energy spectrum, the structure closely
resembles that of the square lattice. The linear Landau levels are caused
by the massive bands at the Γpoint and can again be described by Eq. (7.2),
this time with an effective mass of m∗ = 2�2/3γ0d2

CC ≈ 0.95me. At the Fermi
energy EF however, a very different behavior can be observed based on
the massless bands of graphene near the K points (see Sec. 2.2).

As it turns out, the linearized Hamiltonian of graphene near the Fermi
energy can be expressed formally equivalent to the relativistic Dirac equa-
tion in two dimensions. This leads to a very special spectrum that can
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