
BLG sequence and also follow straight lines in the Landau fan diagram,
but converge to non-zero values of n/no. Yellow and red lines in Fig. 2a
trace examples of these anomalous QHE states appearing within the
lowest Landau level. Unlike the conventional QHE states, each of the
anomalous QHE states is characterized by both an integer-valued
intercept, s (yellow and red lines converge to n/no5 1 and 2, respec-
tively) and an integer-valued slope, t (labelled along the top axis in the
figure). In Fig. 2b, longitudinal and Hall conductivities measured at
constantmagnetic field (corresponding to horizontal line cuts through
the fan diagram in Fig. 2a) are plotted against Landau level filling
fraction, n. At large magnetic fields, the anomalous QHE states are
remarkably well developed, exhibiting wide plateaux in sxy concom-
itant with sxx5 0. Moreover, these states appear in general at non-
integer filling fractions. Comparison between Fig. 2a and Fig. 2b further
reveals that Hall conductivity plateaux are quantized in integer multi-
ples of e2/h, where the quantization integer t equals the slope in the
Wannier diagram. Similar internal structure is observed within higher-
order Landau levels (Fig. 3 and Supplementary Information). The ano-
malous QHE states observed here are consistent with fully developed

spectral gaps resulting from a Hofstadter-type energy spectrum.
Moreover, our ability to map fully the density-field space provides a
remarkable confirmation of the Diophantine equation: we observe
direct evidence that QHE features associated with the Hofstadter spec-
tral gaps are characterized by the two quantum numbers, s and t, cor-
responding to the n/no intercept and the slope, respectively, in the
Wannier diagram.
Figure 3 shows similar data to Fig. 2, but measured from a separate

device in which the moiré wavelength is only 11.6 nm. Again, QHE
states appear outside the conventional Bernal-stacked BLG sequence
and follow straight lines whose origin and slope are both integer
valued, with the slope exactly matching the Hall quantization, in pre-
cise agreement with the Diophantine equation. Similar to the previous
device, the n5 0 insulating state undergoes a drastic change near
w/wo5 1/2, when anomalous QHE states associated with the fractal
gaps begin to develop fully.
In Fig. 3b, the lower panel shows sxx measured at B5 25T, corres-

ponding to a horizontal line cut throughFig. 3a (dashedwhite line), for
a variety of sample temperatures. The magnitudes of the fractal gaps
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Figure 2 | Emergence of anomalous quantum Hall states. a, Landau fan
diagram showing longitudinal resistance, Rxx (left), and Hall resistance, Rxy
(right). Rxx is plotted versus magnetic field on the vertical axis and versus gate
bias on the horizontal axis. In the diagram showing Rxy, the axes are scaled by
the size of the moiré unit cell to give w/wo on the vertical axis and n/no on the
horizontal axis. QHE states corresponding to the conventional BLG spectrum
are indicated by white lines. Solid yellow and red lines track the QHE outside
this conventional spectrum, with dashed lines indicating the projected n/no
intercept. The slope of each line is shown on the top axis. b, Longitudinal and

transverse Hall conductivities corresponding to line cuts at constant magnetic
field (constant w/wo) from the Landau fan diagram in a. At B5 7T, the QHE
ladder is consistent with previous reports for bilayer graphene. At B5 18 and
26T, additional QHE states emerge, showing Hall conductivity plateaux
quantized in integer multiples of e2/h, but appearing at non-integer Landau
level filling fractions. Yellow and red bars indicate correspondence to the
similarly coloured anomalous features marked by solid lines in a. Blue bars
indicate the conventional QHE features. Numbers label the quantization
integer for each plateau.
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Figure 3 | Fractal gaps. a, Landau fan diagrams similar to those in Fig. 2 but
measured from a separate device. Here the zero-field satellite peak position
indicates amoiré period of 11.6 nm, indicating that the superlattice unit cell was
approximately 1.5 times smaller in this device than in the one used in Fig. 2.
Significantly more structure is observed here than in Fig. 2. b, Bottom: the
evolution of sxx with temperature varying between 2 and 20K, acquired at
constant B5 25T, which corresponds to the line cut shown in a. Top: the
corresponding sxy at T5 2K. The bracketed numbers label the (s, t) values of

the corresponding fractal gaps according to the Diophantine equation.
c, Bubble plot of energy gaps determined from the temperature dependence
calculated at two magnetic fields (B5 25 and 28.5 T). The gaps are plotted as
circles with radius scaled relative to the largest gap value measured. Dashed
lines trace select fractal gap positions allowed by the Diophantine equation.
Solid lines trace regionswhere the corresponding fractal gaps appear asminima
in sxx together with quantized plateaux in sxy. The colours indicate gaps with
the same quantum number s.
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