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Dirac Fermions
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Spinless fermions 
on a honeycomb lattice
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Quantum Critical Points
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Sign problem in auxiliary field QMC

w(C) = detM" ⇥ detM#

Z =
X

C
w(C)

w(C) = detM

C
No sign problem: attractive Hubbard 
model with balanced filling

How about spinless fermions ? 

Blankenbecler, et al, PRD, 1981

= | detM"|2 � 0

Saturday, May 24, 14



Sign problem in auxiliary field QMC

w(C) = detM" ⇥ detM#

Z =
X

C
w(C)

w(C) = detM

C
No sign problem: attractive Hubbard 
model with balanced filling

How about spinless fermions ? 

Blankenbecler, et al, PRD, 1981

= | detM"|2 � 0

Saturday, May 24, 14



Sign problem in auxiliary field QMC

w(C) = detM" ⇥ detM#

Z =
X

C
w(C)

w(C) = detM

C
No sign problem: attractive Hubbard 
model with balanced filling

How about spinless fermions ? 

Blankenbecler, et al, PRD, 1981

= | detM"|2 � 0 Scalapino, et al, PRB, 1984
Gubernatis, et al, PRB, 1985

up to 8╳8 square lattice, T=0.3t
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(b) FIG. 18. Staggered susceptibility II(vr, ~) versus P for V= 1
and various sized lattices.

I50—
(/)

O

Ioo—
O
UO
O
50—

U.O

P,=2.4, V=1.0

0.4—

I I ~ 1 I

()

0.2—
0

-OA -0.2 0 QP
&0&

FKJ. 17. Distribution of (0„„)values on a 6X6 lattice for
(a) a value of P above the transition, and (b) a value of /3 below
the transition.

0.2

we were unable to find high-temperature-series expansions
for the antiferromagnetic Heisenberg-Ising model, so we
have simply taken the RPA coefficient of —, from Eq. (32)
and plotted
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FIG. 19. Scaled plot of the data of Fig. 18, H(m, ~)L
versus tL with P, =2.4.

TDw ——0.56V[1——,
' (t/V) ] . (47)

I 0-.
The points with error bars represent the results for the
condensation transition from our Monte Carlo simula-
tions. A weak-coupling theory is needed to complete the
phase diagram. As discussed in Sec. II, RPA-like calcula-
tions suggest that at small negative values of Vjt and low
temperatures an odd angular-momentum-pairing phase
exists. If indeed this is the case, it is likely to be an XY-
like phase with only topological order. Such a phase
poses real difficulties for numerical simulations, again
emphasizing the importance of developing a weak-
coupling theory.
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FIG. 20. ( T, V) phase diagram. The short-dashed line corre-
sponds to the Ising result T, =0.56

~
V

~
. The dashed line is the

strong-coupling limit, and the dots with error bars are obtained
from the finite-size scaling analysis of the Monte Carlo data.
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Determinant = Pfaffian2

M = �MT

For skew-symmetric matrices

Muir, 1882 

Named after J. F. Pfaff (1765-1825), a teacher of Gauss
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Is M skew-symmetric ?

No

in continuous-time QMC ...

w(C) = det(I+BN⌧ . . . B2B1)

Yes
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CTQMC
Rubtsov et al, PRB,2005 
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Figure 1: A example configuration.
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Ĥ0 = �t
X

hi,ji
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= (�V )k det(D) det(GD)

w(C) = (�V )k det(G)

GT = �DGD (GD)T = �GD

*half-filling ensures diagonal element vanishes
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Observables & Scaling Ansatz
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Observables & Scaling Ansatz

z = 1
relativistic invariance
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Binder Ratio

R =
M4

(M2)2
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Data Collapse

Vc/t = 1.356(1)

⌫ = 0.80(3)

⌘ = 0.302(7)

M2L
z+⌘ = F(L1/⌫(V � Vc))

M4L
2z+2⌘ = G(L1/⌫(V � Vc))

* Errorbar from 𝝌2+1 analysis
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Gross-Neveu-Yukawa Theory

ε-expansion Rosenstein et al, PLB, 1993

⌫ = 0.797

“Exact” renormalization group Rosa et al, PRL,2001 Höfling et al, PRB, 2002

𝜈 agrees 
η does not

⌘ = 0.502

⌫ = 0.80(3)

⌘ = 0.302(7)

Honeycomb

⌫ = 0.738 ⇠ 0.927 ⌘ = 0.525 ⇠ 0.635

* Calculations based on 2-flavors of 2-component   
Dirac fermions with the same chirality

Saturday, May 24, 14



 Check-I: 𝜋-flux square lattice

also features two Dirac points
a1

a2

Figure 1: Honeycomb lattice

1

Vc/t = 1.304(2)

⌫ = 0.80(6)

⌘ = 0.318(8)

𝜋-flux lattice
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 Check-II: iPEPS

Philippe Corboz
ETH→Amsterdam

Vc = 1.36(3)
CTQMC

⇠ (V � Vc)
�̃

�̃ =
⌫

2
(z + ⌘) = 0.52(3)
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Summary-I 

Where is the QCP?

What is the universality ?

What are the critical exponents ?

To resolve the discrepancies we need
 bigger systems and more careful data analysis

Vc/t = 1.356(1)

⌫ = 0.80(3)

⌘ = 0.302(7)

CTQMC

�̃ = 0.52(3)
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Half-filled, nearest-neighbor repulsion

Doped attractive system 

Where do we go from here ?
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Next-nearest-neighbor repulsion 
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Half-filled, nearest-neighbor repulsion

Doped attractive system 

Where do we go from here ?
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SIGN PROBLEM
AHEAD 
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Doped attractive system 
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A Point Group Character Tables 483

Table A.19. Character table for group C6 (hexagonal)

C6 (6) E C6 C3 C2 C2
3 C5

6

x2 + y2, z2 Rz, z A 1 1 1 1 1 1
B 1 −1 1 −1 1 −1

(xz, yz)
(x, y)

(Rx, Ry)

}
E′

{
1
1

ω
ω5

ω2

ω4
ω3

ω3
ω4

ω2
ω5

ω

(x2 − y2, xy) E′′
{

1
1

ω2

ω4
ω4

ω2
1
1

ω2

ω4
ω4

ω2

ω = e2πi/6

Table A.20. Character table for group C6v (hexagonal)

C6v (6mm) E C2 2C3 2C6 3σd 3σv

x2 + y2, z2 z A1 1 1 1 1 1 1
Rz A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 −1 1
B2 1 −1 1 −1 1 –1

(xz, yz)
(x, y)
(Rx, Ry)

}
E1 2 −2 −1 1 0 0

(x2 − y2, xy) E2 2 2 −1 −1 0 0

C6h = C6 ⊗ i (6/m) (hexagonal); S6 = C3 ⊗ i (3) (rhombohedral)

Table A.21. Character table for group D6 (hexagonal)

D6 (622) E C2 2C3 2C6 3C′
2 3C′′

2

x2 + y2, z2 A1 1 1 1 1 1 1
Rz, z A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 1 −1
B2 1 −1 1 −1 −1 1

(xz, yz)
(x, y)
(Rx, Ry)

}
E1 2 −2 −1 1 0 0

(x2 − y2, xy) E2 2 2 −1 −1 0 0

D6h = D6 ⊗ i (6/mmm) (hexagonal)

Table A.22. Character table for group C5 (icosahedral)

C5 (5) E C5 C2
5 C3

5 C4
5

x2 + y2, z2 Rz, z A 1 1 1 1 1

(xz, yz)
(x, y)

(Rx, Ry)

}
E′

{
1
1

ω
ω4

ω2

ω3
ω3

ω2
ω4

ω

(x2 − y2, xy) E′′
{

1
1

ω2

ω3
ω4

ω
ω
ω4

ω3

ω2

ω = e2πi/5. Note group C5h = C5 ⊗ σh = S10(10)

Pairing Symmetries

A

B

BB

�2

11A

B

BB

0

1�1

A

B

BB

1

11

p
x

py

f

1-dim B1 representation

2-dim E1 representation

D6

Kitaev, 2000

Saturday, May 24, 14



A Point Group Character Tables 483

Table A.19. Character table for group C6 (hexagonal)

C6 (6) E C6 C3 C2 C2
3 C5

6

x2 + y2, z2 Rz, z A 1 1 1 1 1 1
B 1 −1 1 −1 1 −1

(xz, yz)
(x, y)

(Rx, Ry)

}
E′

{
1
1

ω
ω5

ω2

ω4
ω3

ω3
ω4

ω2
ω5

ω

(x2 − y2, xy) E′′
{

1
1

ω2

ω4
ω4

ω2
1
1

ω2

ω4
ω4

ω2

ω = e2πi/6

Table A.20. Character table for group C6v (hexagonal)

C6v (6mm) E C2 2C3 2C6 3σd 3σv

x2 + y2, z2 z A1 1 1 1 1 1 1
Rz A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 −1 1
B2 1 −1 1 −1 1 –1

(xz, yz)
(x, y)
(Rx, Ry)

}
E1 2 −2 −1 1 0 0

(x2 − y2, xy) E2 2 2 −1 −1 0 0

C6h = C6 ⊗ i (6/m) (hexagonal); S6 = C3 ⊗ i (3) (rhombohedral)

Table A.21. Character table for group D6 (hexagonal)

D6 (622) E C2 2C3 2C6 3C′
2 3C′′

2

x2 + y2, z2 A1 1 1 1 1 1 1
Rz, z A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 1 −1
B2 1 −1 1 −1 −1 1

(xz, yz)
(x, y)
(Rx, Ry)

}
E1 2 −2 −1 1 0 0

(x2 − y2, xy) E2 2 2 −1 −1 0 0

D6h = D6 ⊗ i (6/mmm) (hexagonal)

Table A.22. Character table for group C5 (icosahedral)

C5 (5) E C5 C2
5 C3

5 C4
5

x2 + y2, z2 Rz, z A 1 1 1 1 1

(xz, yz)
(x, y)

(Rx, Ry)

}
E′

{
1
1

ω
ω4

ω2

ω3
ω3

ω2
ω4

ω

(x2 − y2, xy) E′′
{

1
1

ω2

ω3
ω4

ω
ω
ω4

ω3

ω2

ω = e2πi/5. Note group C5h = C5 ⊗ σh = S10(10)

Pairing Symmetries

A

B

BB

�2

11A

B

BB

0

1�1

A

B

BB

1

11

p
x

py

f

A

B

A

B

A

B

1

1

1 1

1

1

1-dim B1 representation

2-dim E1 representation

D6

Kitaev, 2000

Saturday, May 24, 14



A Point Group Character Tables 483

Table A.19. Character table for group C6 (hexagonal)

C6 (6) E C6 C3 C2 C2
3 C5

6

x2 + y2, z2 Rz, z A 1 1 1 1 1 1
B 1 −1 1 −1 1 −1

(xz, yz)
(x, y)

(Rx, Ry)

}
E′

{
1
1

ω
ω5

ω2

ω4
ω3

ω3
ω4

ω2
ω5

ω

(x2 − y2, xy) E′′
{

1
1

ω2

ω4
ω4

ω2
1
1

ω2

ω4
ω4

ω2

ω = e2πi/6

Table A.20. Character table for group C6v (hexagonal)

C6v (6mm) E C2 2C3 2C6 3σd 3σv

x2 + y2, z2 z A1 1 1 1 1 1 1
Rz A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 −1 1
B2 1 −1 1 −1 1 –1

(xz, yz)
(x, y)
(Rx, Ry)

}
E1 2 −2 −1 1 0 0

(x2 − y2, xy) E2 2 2 −1 −1 0 0

C6h = C6 ⊗ i (6/m) (hexagonal); S6 = C3 ⊗ i (3) (rhombohedral)

Table A.21. Character table for group D6 (hexagonal)

D6 (622) E C2 2C3 2C6 3C′
2 3C′′

2

x2 + y2, z2 A1 1 1 1 1 1 1
Rz, z A2 1 1 1 1 −1 −1

B1 1 −1 1 −1 1 −1
B2 1 −1 1 −1 −1 1

(xz, yz)
(x, y)
(Rx, Ry)

}
E1 2 −2 −1 1 0 0

(x2 − y2, xy) E2 2 2 −1 −1 0 0

D6h = D6 ⊗ i (6/mmm) (hexagonal)

Table A.22. Character table for group C5 (icosahedral)

C5 (5) E C5 C2
5 C3

5 C4
5

x2 + y2, z2 Rz, z A 1 1 1 1 1

(xz, yz)
(x, y)

(Rx, Ry)

}
E′

{
1
1

ω
ω4

ω2

ω3
ω3

ω2
ω4

ω

(x2 − y2, xy) E′′
{

1
1

ω2

ω3
ω4

ω
ω
ω4

ω3

ω2

ω = e2πi/5. Note group C5h = C5 ⊗ σh = S10(10)

Pairing Symmetries

A

B

BB

�2

11A

B

BB

0

1�1

A

B

BB

1

11

p
x

py

f

A

B

A

B

A

B

1

1

1 1

1

1

1-dim B1 representation

2-dim E1 representation

D6

A

B

BB

1

ei
4⇡
3ei

2⇡
3

p
x

+ ip
y

Read and Green, PRB, 2000

Kitaev, 2000

Saturday, May 24, 14



Pairing Susceptibilities
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 BdG Calculation
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ĉ†�kA
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ĉkA
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ĉkA
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Start with random guesses, iterate until convergence
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Ludwig et al, PRB,1994 

�C = # of Dirac points 

Oshikawa, PRB,1994 

Topological Phase Transition and  
Dirac Fermions

C =
sgn(m)

2

Chern number of a Dirac fermion

m > 0 m = 0 m < 0
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Phase diagram, again
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Grassmann Tensor RG, Gu, PRB, 2013
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Summary-II

Rich physics in a very simple model

Hopefully realizable in experiment 
given its simple form

Introduction to Quantum Criticality

Quantum Phase Transitions:

http://en.wikipedia.org/wiki/Quantum_critical_point
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Fermionic 
Quantum Critical Point Topological Superconductors
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Thank you!
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